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CHAPTER 2

A METHOD OF FORMATIVE ASSESSMENT: 
LEARNING TRAJECTORIES1

Yasemin KUBANÇ2

EVALUATION IN THE LEARNING AND TEACHING PROCESS

In many studies, it has been found that the way of evaluation drives learning 
and that measurement assessment activities are used appropriately to improve 
students’ level and quality (Biggs and Watkins, 1996;  Black and William, 
2008;  Clarke, 2001;  Rich, 2019).  An evaluation was needed in every teaching 
period, and student success was tried to be measured with many tools (Basol, 
2013). In this respect, it is a multi-step, systematic process that involves collecting 
and interpreting educational data to determine the effectiveness of evaluation, 
teaching, and learning (Canbazoğlu, 2008).  In other words, “removing results 
from measurements and reaching a value judgment about measured individuals 
or objects” (Bol, 2002, p.5).

Howell and Nolet (2000) see the assessment as a decision-making process and 
keep it separate from the trial. Yilmaz (2015) defines the evaluation as a process of 
reaching a value judgment and from there to a decision by comparing the results 
of measuring it to a criterion of the same area.  As can be seen from all these 
definitions, the assessment is; the goal can be defined as a process that allows you 
to determine how much has been achieved, which unreachable gains are, what 
student deficiencies are, and how to address these deficiencies, students to learn 
wrongly and how this misinformation can be corrected.

The main objectives of measuring and evaluating in education, according to 
Basol (2013) are:
•	 To determine the degree to which students have achieved the targeted gains in 

the process,
•	 In addition to the cognitive learning of students, to determine how much they 

have the appropriate attitudes and skills,

1	  This study was adapted from and partially a part of thesis titled “Learning trajectory-focused analysis of the 
evaluation of the success of learners by class teachers in mathematics teaching”.

2	 Dr. Fırat University, Department of Educatıon Class, ykubanc@firat.edu.tr, 
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•	 To demonstrate the success or failure of students in the result of teaching with 
concrete data,

•	 To determine the specific needs and expectations of students regarding teaching.
In order to evaluate a specific feature within the framework of these purposes, 

the measurement property must be expressed in a value according to the 
measurement results (Minister, 2019). Types of evaluations used in education; the 
criteria used are classified in different ways according to the purpose of use 
(Yasar, 2008). Evaluation according to the criteria used; absolute evaluation and 
relative evaluation are divided into two (Enterprise, 2009). In absolute evaluation, 
values expressed as both notes and percentages are considered to be the limit 
of proficiency, and those who reach this limit are considered successful.  Since 
the criteria used here are predetermined critical values to reach a decision, the 
evaluation is also called absolute evaluation (Enterprise, 2009).  In the relative 
evaluation, the criteria to be used to reach a decision are determined later. Since 
a criterion is used depending on the performance of the group and the criteria to 
be used according to the group’s performance will vary, the assessment is called 
(Kilmen, 2017).

In order to determine the achievements and failures in the courses in the 
Turkish education system, students are given a success grade at the end of each 
semester. However, the evaluation is far beyond giving the student a score and 
grade with a figure. (Yilmaz, 2012). As a matter of fact, article 32 of the Regulation 
of Primary Institutions (2003, p.11) states: “In the measurement tools prepared to 
determine student success, it is weighted not only to measure information but also 
to measure the behaviors they acquire at the level of understanding, application, 
analysis, synthesis, and evaluation.”

To identify student inadequacies and the sources of these inadequacies in 
education and to make decisions about the student: “Oral polls, written polls, 
drama, performance assignments, attitude scales, observation, self-assessment, 
grade scoring key, dictation, multiple-choice testing, peer evaluation, project, 
personal development file, rating scale, checklist, concept map, short-answer items, 
matching substances, accurate/false substances, read/write activities, homework, 
interview (interview), learning logs and composition” are recommended (Single 
Kebab, 2016, p.16). These evaluation methods include; written polls, oral polls, 
multiple-choice tests, short-answer items, matching substances, and accurate 
materials are treated as traditional evaluation methods, while evaluation tools 
such as project, performance evaluation, portfolio are treated as complementary 
evaluation methods (Elden, 2009). Traditional evaluation is periodical 
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examinations conducted at regular intervals during the year to determine 
students’ shortcomings at the beginning of the semester, period, and at the end 
of the semester. However, traditional evaluation methods do not provide teachers 
and parents with clear information about why the student has problems with 
development and learning. With these evaluation methods, the student’s capacity 
and skills can often be determined (Alakurt, 2006).  Finally, complimentary 
evaluation methods cover all methods outside traditional evaluation methods 
(Taylor, 2003).

Contrary to traditional evaluation, students are actively involved in the 
learning process besides the teacher with complementary evaluation methods, 
plan the teaching process together, and can be evaluated in the process, not at 
the end of the process. When evaluating the learning process of evaluation types, 
different types are divided into different types according to the purpose of use 
(Özçelik, 2013). The measurement and evaluation methods used in this respect 
are to identify students, monitor students’ learning throughout the unit, and 
determine their level of success; they are divided into formative and level-setting 
assessments facing recognition and placement (Özçelik, 2013).

In the early days of school, the evaluation of the assessment to determine the 
pre-information for the cognitive and social, and emotional development of the 
child is called recognition and placement (Senemoğlu, 2012). At the end of the 
teaching process, the level of evaluation is called the evaluation type of which is 
determined by students in order to determine how much the students have earned 
(Semerci, 2008). Both types of evaluations are seen as not giving teachers a turn 
about what issues students have difficulties in the process, the reasons for their 
difficulties and which strategy should be proposed to which student in the face 
of these difficulties. Determining learning goals, evaluating where the student is 
according to these goals, and using effective teaching methods to close the gap 
between them have made the formative assessment more critical than other 
evaluation methods (Taşkın, 2018).

FORMATIVE ASSESSMENT

Formative evaluation is a planned process to periodically control students’ 
understandings in educational activities (Popham, 2008; William, 2008). According 
to Black and William (1998, p.7), the formative assessment is “a form of activities 
used to provide teachers or students with the purpose of transforming teaching 
and learning activities.”.  During the education process, formative evaluations 
are carried out to teach students according to their individual characteristics, to 
identify and eliminate difficulties in the process (Minister, 2019; Basol, 2013). In 
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other words, assessments aimed at revealing what the student knew, which did not 
aim to grade, are called a formative assessment (Keeley, Eberle and Farrin, 2005).

According to another definition, the formative evaluation is an interactive 
evaluation of student development and perception, and the reorganization of 
teaching accordingly by determining the needs of students (CERI, 2005). Ertürk 
(1982) refers to the formative evaluation as an evaluation during the instruction 
and a series of measures taken after this evaluation to correct the student’s 
learning speed, inadequacies, and errors in the teaching situation. In other words, 
formative evaluation should provide teachers and students with the opportunity 
to return and correct at every stage of the teaching-learning process (Brookhart, 
2008). Fisher and Frey (2007) emphasize the importance of teaching methods and 
providing feedback to students throughout the teaching and learning process. As 
all these definitions suggest, the formative assessment provides teachers and 
students with information about how the teaching process progresses. McManus 
(2008, p.3) describes the formative assessment as “a process that provides 
feedback to regulate teachers, students’ learning activities during the course and 
increase students’ reach at the end of the course.” All these definitions result in the 
formatting assessment being particularly irreversible.

Cowie and Bell (1999) during the formative evaluation process; The goal has 
stated that there are four steps to be followed, to determine the current levels of 
students, to determine the steps between the students’ location and the target, 
and to determine the activities for these steps, and to implement these activities 
in order for students to reach the goal. In the formative assessment, the teacher 
shares learning goals with students, determines which students meet which 
goals, identifies and implements support strategies (Harlen, 2003, p.20). Allows 
students to close the gap between where they are and the target. For example, if 
an assessment improves the quality of learning, that evaluation format should be 
considered successful (Lai, 2002). A process in Figure 1 is applied in the formative 
evaluation method.
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Figure 1. Formative evaluation process
Harlen, W. (2003). Enhancing Inquiry Through Formative Assessment. Exploratorium: USA

As shown in Figure 1, in the first stage, the teacher must set his learning goals 
and clearly specify these goals for students. So students can understand what to 
expect from them. The teacher then uses versatile and different evaluation methods 
to make how far students achieve their learning goals more straightforward. In 
the third stage, the teacher analyzes and interprets the data obtained as a result 
of the evaluation. This data gives the teacher information about how the process 
works. In the most recent stage, the teacher preplans the process according to the 
needs of the students according to the comments made and the data obtained 
(Harlen, 2003).

McMillan (2007) describes the formative evaluation cycle as in Figure 2. As 
shown in Figure 2, the returns are the most important part of the formative 
assessment. Because the teacher feeds on returns, helping to improve the process 
and improve the performance of students. Depending on the feedback given by 
teachers, students can understand their strengths and weaknesses so they can 
work harder to complete their shortcomings.  In this respect, teachers should 
know how to set their learning goals, determine student shortcomings, and which 
students to return (McMillan, 2007, p.3).
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Figure 2. Formative evaluation cycle
McMillan, J.H. 2007, Formative classroom assessment, theory ınto practice. Teachers College Press: 
United States of America

According to Irons (2008), the formative assessment has a vital impact on 
student motivation. Because students are active participants in formative evaluation 
and have knowledge of what they are trying to learn and their mistakes. Thus, 
students can decide their own steps in the next process by seeing their strengths 
and weaknesses in the learning process. Formative assessment practices have a 
significant impact on raising the awareness of students and teachers. Because the 
formative assessment allows the student to realize where he is, where he should 
be and how he should get there.  This awareness is crucial for the healthy and 
prosperous progress of the teaching and learning process (Irons, 2008).

Shavelson and others (2008) indicate that formative assessments have a 
continuity that extends from formal to informal, and for this continuity;  there 
are three mainstays, unprepared, planned and formal and simultaneous with the 
curriculum. Depending on the time spent in a formative evaluation application, 
the quality of the data expected to be obtained and its nature, and the nature of 
the return given to the student by the teacher (Flood, 2018). With a formative 
assessment according to Yin and others (2014)  students can learn about their 
knowledge and insights, see the steps they are expected to reach or pass to them 
in order to reach the goal so that students can move more accurately to the goal 
by reconfiguring their own information.

Elden (2019) stated that many evaluation tools are used in the formative 
assessment, from multiple-choice testing to performance evaluation.  He also 
stated that the formative assessment allows them to evaluate not only teachers, 
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but also their own development in their students. Again, the formative assessment 
covers not only before or after the process, but all decisions made in the 
teaching process. In addition, the most important feature that distinguishes the 
formative assessment from other types of evaluation is that it provides feedback 
to students.  Thanks to this feedback, the teaching process is preplanned and 
implemented. Another thing that makes shaping evaluation important is that it 
encourages all students to succeed rather than compare them to each other (Black 
and William, 1998).

Many complementary measurement and evaluation techniques have been 
developed to apply the formatting evaluation according to its purpose.  These 
techniques are used for different purposes during the teaching process.  In this 
study, learning trajectories were mentioned as a complementary and formative 
method of values.

A FORMATIVE ASSESSMENT METHOD: LEARNING TRAJECTORIES

Since the 1980s, studies in teacher training have emphasized that more research 
should be done about their knowledge than teachers’ behavior (Yıldırım, 
2013). Shulman (1986) emphasized that more teachers should explain subjects, 
decide what the teacher will teach, how to convey it to the student, assess overall 
student understanding, and how students deal with misunderstandings. Shulman 
(1986) described the knowledge of teachers’ field knowledge and the effects of this 
information on teaching as a loss in the field of education research. At this point, 
Shulman (1986) mentioned that teachers should have three types of knowledge, 
most generally, field knowledge, teaching program knowledge, and pedagogical 
field knowledge.

Shulman (1986) stated that the field knowledge is more about explaining why 
certain rules apply in that field, rather than knowing the knowledge, concepts 
and facts in the relevant field, and how these rules are in theory and practice with 
other rules inside and outside the field. According to Kahan, Cooper and Bethea 
(2003), teachers have a role in teaching the subject, and the field knowledge it has 
played a role in teaching the subject; However, the good knowledge of the teacher 
on the subject does not mean that this issue can also be taught very well.

In recent years, many researchers have focused on how a teacher has good field 
knowledge, as well as how he transmits his knowledge to the student (Cankoy, 
2010;  Gürbüz et, 2013;  Hill, Rowan and Ball, 2005;  Tchoshanov, 2011).  In 
other words, the pedagogical field information levels that teachers have a very 
important effect on students’ learning (Gökkurt, Şahin, and Soylu, 2012).  The 
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knowledge of the curriculum is defined as a teaching program prepared for 
a certain level of class and information to have on how to use their sources of 
interest (Shulman, 1986). Shulman (1986) refers to pedagogical field knowledge 
as the ability of the teacher to pass on the field information he has on the subject 
to the students. Again, according to Shulman (1986), pedagogical field knowledge 
is a way to teach a subject to others in the most understandable way. Pedagogical 
field knowledge also includes knowing what will make it easier or complex to 
learn certain subjects, the preliminary information that students of different ages 
and accumulations have on the subject to be taught, the concept misconceptions 
of students, and explanations about how to mislead them (Shulman, 1986).

As the above research shows, many educators have developed different models 
based on the information model developed by Shulman (1986);  Fennema and 
Franke, 1992;  Cochran, De Ruiter and King, 1993;  Magnusson, Krajcik and 
Borko, 1999; Park and Oliver, 2008; Ball, Thames and Phelps, 2008; Rowland et us, 
2009). One of these models is the “Mathematical Knowledge for Teaching” model 
developed by Ball, Thames and Phelps (2008), which aims to determine teachers’ 
in-class behavior (Aslan Tutak and Köklü, 2016). In this context, the answer to 
two basic research questions was sought: a) What are the duties of teachers in the 
classroom in the mathematics teaching process? and b) What are the mathematical 
knowledge and skills necessary to perform these tasks correctly?  Within the 
framework of these questions, Ball, Thames and Phelps (2008) developed various 
scales and measuring tools. One of these tools, the learning trajectory, is one of 
the main focuses of this research.

Where should we start teaching math? What aspects of mathematics are more 
important? How can we determine what a student knows? How do we identify 
students’ shortcomings and address it? Friedrichsen and Dana (2005) say learning 
trajectories are an important tool where we can answer questions like the one 
above. According to Clements and Sarama (2014), children learn to crawl first, 
then walk, then run, then jump in development. Mathematical ideas and skills 
in children progress just as they developed.  When teachers understand this 
development and sort their activities according to this development, they create 
realistic mathematical learning environments.

Learning trajectories represent the gap between where children are located and 
the target.  Therefore, teachers should consider this gap when planning lessons 
or editing mathematical activities. Learning trajectories are the default ways of 
thinking that children pass through the learning process.  Learning trajectories 
based on studies on how students learn and think also help understand how 
student thinking processes change over time (Donovan, 2019). The success cycle 
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given in Figure 3 includes testing student knowledge, teacher knowledge and an 
estimated learning roadmap for learning trajectory (Simon, 1995, p.136).

Figure 3. The math Simon (1995, p.136) describes is the cycle of success.

Reconstructing Mathematics Pedagogy from a Constructivist Perspective, 
Journal for Research in Mathematics Education, 26 (2), 114-145

Learning trajectory is expressed in different ways in the literature.  Simon 
(1995) used the concept of hypothetical learning trajectory, Brown and Campione 
(1996), while using the term “developmental corridor,” Clements and Sarama 
(2004).  Smith and Stein (1998) described the learning trajectory as high-level 
tasks that enable students to interact with the concepts they will learn, increasing 
their capacity for reasoning and problem solving (Donovan, 2019).

Simon (1995, p.135), who first introduced the concept of learning trajectory, 
used the expression of hypothetical learning trajectories and stated that the basis 
of orbits was based on a configurative approach.

“Learning trajectories provide a vision of how students’ progress in an 
issue. In fact, this is a hypothetical event, because no one knows the real learning 
trajectory.  It only refers to a typical situation.  Although students’ learning is 
similar, each student’s trajectory moves in a unique way.  However, in normal 
classroom activities, teachers perform the same activities for all students.”

Simon’s (1995) hypothetical learning trajectory consists of three components 
(Figure 4). First, hypothetical learning processes containing these components; a 
target that determines the direction of learning (Bowman et al. 2001; Clements, 
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2004;  Fuson, 2004;  Tibbals, 2000;  Weiss, 2002), focuses on learning activities 
developed to help children achieve this goal, and how these learning activities will 
improve students’ thoughts and understandings (Clements and Sarama, 2009).

Figure 4. Simon’s learning trajectory example

Understanding learning trajectories correctly and using them in a successful 
way is not only knowing every combination, but rather understanding how 
these combinations work together (Clements and Sarama, 2014). Simon (1995) 
said that while students were moving towards the goal at the start point, it was 
possible for students to see how “the teaching continues as a result.” According 
to Simon (1995), the important things about this approach are that we’re going to 
have to do with this approach. The design and implementation of the teaching is 
the centralization of the student thinking and understanding. The understanding 
of the student thinking is a continuous process in collecting data and producing 
the assumption. The academic knowledge is equal development with the teacher’s 
knowledge (2000). For this reason, students should try to see the situation from 
the perspective of the child by interpreting what the child is doing and what it is 
thinking (Sarama and Clements, 2009).

Battista, Smith, Wiser, Anderson, and Krajcik (2006, p.5) refer to the elemental 
orbit as “a series of ideas in the student’s teaching process.” According to Battista 
(2004), students must first know the basic mathematical concepts in order to 
create a course of study, and then understand how these basic concepts need to be 
used on this orbit in order to understand the thinking of children.

According to Sarama and Clements (2009, p.19), the element trajectory is 
“a mathematical goal, a path of study that students move along their level and 
a teaching tool that will help them move along the way.” The element allotment 
can also be recognized as a way to achieve specific goals in a mathematical 
field, including a series of teaching tasks designed to expose children’s thinking, 
mental processes or actions (Simon, 1995). In these descriptions, the trajectory 
of teaching as a partner is expressed as a way for students to grow and change a 
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mathematical subject in their grasp. Not only does the student’s trajectory swell at 
different levels, but also demonstrate more understandable tasks that encourage 
progress (Wickstrom, 2014). Indeed, Clements and Sarama (2009, p.83) said: “To 
open up the extent and teaching of the child in a particular field of mathematics, 
it has been developed to demonstrate the mental processes and levels of thought 
of students with a series of pre-designed tasks that have been pre-designed and to 
support the child’s reach to certain goals.”

Confrey and others (2009) used conceptual trajectory and conceptual corridor 
concepts for the element alleged and noted key combinations representing these 
concepts:
•	 Although each student’s elemental trajectory is different from each other, in 

fact, each student passes through the same important points in the process of 
teaching.

•	 Students are thought to be able to meet certain obstacles as they move over 
orbit, and therefore students should plan the teaching process more separately.

•	 Students’ progress should be flexible in orbit and different students should be 
allowed to move on different paths.
Teaching trajectories can be used as a tool to help students formally change the 

thought of the student (Ball, Thames and Phelps, 2008). Students can change both 
the knowledge and the teaching program through the element trajectory. Thanks 
to their teaching trajectory, students can scientifically model the structure in their 
minds (Clements and Sarama, 2004). Researchers argue that learning trajectories 
are making progress to students, thus gaining higher levels of mantling execution 
(Ball, Thames and Phelps, 2008; Clements and Sarama, 2004; Wickstrom, 2014).

Sztajn and others (2012) are some of the studies related to the theory of 
trajectory and the theory of Shulman’s (1987) pedagogical content knowledge and 
the interchange knowledge. Sztajn and others (2012) focused on how the element 
trajectories promote teaching and how the teaching names are determined while 
encouraged to learn. Shulman (1987) focuses on how the elemental orbits can 
help students. Researchers are trying to identify applications such as adapting to 
different levels of the range, making discussions easier, and analyzing tasks, such 
as formally changing the thinking of students.

Alonzo and others (2012) said that changes to the element algebra trajectory 
have different goals than traditional evaluation methods, and that they can be 
used to assess a group or a person. Again Furtak and Heredia (2016) referred 
to the elements of the element allotment; consulting student ideas, designing 
activities in the process of teaching, practicing activities, applying activities, and 
reporting application results.
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Zembat (2016, p.510) stated that the element trajectory consists of three main 
compositions in which the element is in a decision-making. They are:
•	 “Target/purpose of student student’s education
•	 Events/plan to support/develop my education
•	 Hypotheses as to how the education process will take place.”

Zembat (2016) means that an element about the element allotment should 
determine an element altogether in the first period. In order to determine the 
teaching goal, the teacher must have the knowledge of what is mathematically 
in the background of the subject that the teacher will learn. In other ways, the 
teacher must consider the proficiency levels and pre-information of the students 
in the class when setting the teacher’s teacher’s goal. According to Zembat (2016), 
activities must be created to support and develop students within a teacher’s plan 
after the target is set. These activities are hypotheses that are based on how the 
teaching will take place. When the teacher designs the course, the students should 
also have hypotheticals about the subjects they want to learn in the course and the 
difficulties they may face during the course of the study. The more the amount of 
these hypotheses that the teacher is set up, the greater the efficiency received from 
the course. During the learning process, the student should refer students to deep 
thinking and provide information about concepts. The student must rearrange the 
element trajectory by evaluating the student information at the end of the process. 
This cycle continues until all students reach the target.

Furtak and Heredia (2016) revised the names it set for the element allotment in 
2012; it opens with four names: targeting and discerning student ideas, designing 
and reviewing tools, decision-making and data collection, reflecting, and reporting 
subsequent names. It benefits from student programs, standard documents, and 
annual/weekly plans to identify targets and reduce student ideas. As a first step, 
a tool is developed to reveal the existing knowledge of the students. Students 
may be asked to open the solution by asking a question first. It then groups the 
students according to the inverses they have given, developing different activities 
for different sides. In decision-making and data collection name, students put 
these activities in order. After the activities are performed, the teacher collects 
the information that shows how many activities work with various methods. The 
teacher may reschedule the process as part of the returns in the latest period.

This study was conducted based on the course of the element altogether 
developed by Ball, Thames, and Phelps (2008) and consisting of six steps. The 
learning trajectory is made up of six steps (Ball, Thames and Phelps, 2008, p.403) 
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Figure 5. These digits are currently opened separately.

Content knowledge: Simon (1995) considered the content knowledge that the 
teacher had to be the most important part of the mathematics education cycle. 
Again, many educators (Ball, 1990a; Carpenter, Fennema and Franke, 1992; Ma, 
1999) requires students to have a deep content knowledge so that they can learn 
mathematics. Although many studies have known what the rules and methods 
of the candidates of the teacher and teacher are and how to apply, it is observed 
that the underlying understanding of the given situations does not know the 
appropriate mathematical openings (Toluk Uçar, 2011). For this reason, Ball 
(1991) emphasized that teaching should have both knowledge of mathematics and 
knowledge about mathematics. The level of understanding of the mathematics of 
the critical element of this type of information (Ball, 1990a).

Ball, Thames and Phelps (2008) have developed content information in the 
model; common content information, comprehensive content information, 
customized content information, content and student information, content and 
teaching information, content and student program information (Kutlu, 2018). A 
teacher within the scope of common content information should be able to solve 
a math problem properly. He should also know how he should discuss the issue in 
his class, what methods and techniques he should explain. Within the scope of the 
content information that has been customized, you should be able to ask questions 
appropriate to the subject and examine the answers from students in a manner 
that is correct and rational. Comprehensive content information is information 
that an element must have on the relationship between the topics involved in 
the teaching program. The knowledge of the description of the English and the 
student is the information that the student can attract the attention of the student 
with what activities. The knowledge of natural and learning is that the learning 
knows the advantages and disadvantages that different methods and techniques 
will provide. Finally, content and teaching program information is the knowledge 
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of the teacher to determine and describe the strategy that is most appropriate 
when describing the topic (Kutlu, 2018). On the other hand, Fernandez (2005) 
stated that students who want to put their students into useful and rich discussion 
environments should be informed about it as a priority. Again, it is not possible 
that a teacher who does not have sufficient control over the subject he will learn 
helps students learn.

A teacher with good knowledge of rica can solve mathematical problems in 
a way that is correct. It can explain what is mentioned in the question and what 
is desired to children, determine which win is the problem (Ball, Thames and 
Phelps, 2008). He can also design a subject-specific course. The selection and 
language use of the teacher’s purpose for the course can also be evaluated in this 
context (Aslan Tutak and Köklü, 2016). Zembat (2016) stated that designing a 
teacher’s educational activities based on the preliminary information of students 
and predicting the challenges that students are living and redesigning the course 
trajectory is due to the content knowledge that the teacher has. The content 
knowledge that the teacher has always stands as a driving force in this process and 
is the most important element in determining the hypotheses of learning.

Concept Knowledge: Being a math teacher is based on understanding 
mathematical concepts and knowing how these concepts are taught and taught 
with what strategies (Ball, Thames and Phelps, 2008). In this context, students 
should be able to express the idea and subconceptions that a particular math 
problem contains in order to value the understandings of their students (Zembat, 
2016). In order for students to create correct representations from a conceptual 
perspective, he must first understand these concepts or processes at a conceptual 
level (McDiarmid, Ball and Anderson, 1989; Borko et. 1992; Ma, 1999). Kinach 
(2002a, p.5) refers to concept knowledge as “knowledge and experience in 
general thinking that will direct, identify and limit the ability to study and 
research in mathematics”. In this context, students can use mathematical terms 
and terminology in a manner that is included in this information (Ball, Thames 
and Phelps, 2008). Again, students should be able to determine their strategies 
by considering the educational technologies that are developing while preparing 
their courses. The selection of appropriate technological materials for specific 
subjects is also important in this context (Aslan Tutak and Köklü, 2016). Baki 
and Kartal (2004) likened the concept knowledge to each other-connected chain 
rings, stating that the information gained when the link is established between 
the rings will increase and that the information rings will expand. Shulman 
(1986) has been included in the knowledge of the concept in the pedagogical 
field and this information is included in the knowledge of the concept; in order 
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to be understood by the students, the teacher knows the concepts and the most 
appropriate strategies on the subject. Kutlu (2018) stated that the effect of the 
method and technology used by the teacher will vary according to the subject, the 
interests and needs of the students, and the goals that must be achieved at the end 
of the course. Therefore, a teacher should be able to identify and use the methods 
and techniques that students learn better (Ball, Thames and Phelps, 2008).

Knowledge of Analyzing Student’s Thought in Terms of Mathematical 
Validity: Shulman (1986) has been included in the knowledge of the student’s 
knowledge of the pedagogical field and this information; students with different 
ages and experiences have known that the preinformation, forks, concept reflects, 
difficulty are in the way they are aware of what is happening (Kutlu, 2018). Even 
and Tirosh (1995) were not recognized in the way that students with different ages 
and experiences were aware of the pre-knowledge and information they had about 
the subject. According to Wilson and others (2015), students need to know what 
their teacher is thinking in order to make a student-based student.’ Again, when a 
student makes a evaluation to the student, the student must understand the logic 
and mathematical validity of the strategy he uses to solve the question. Because a 
person who is studying mathematics also needs to understand that the different 
answers of the students are mathematically valid (Aslan Tutak and Köklü, 2016). 
This information is included in the ability to identify non-standard methods 
used by students and to understand whether these methods are mathematically 
correct, and then whether they can be used in any situation (Proposal, 2010). 
Students should be able to determine how students can think, what they can find 
in a complex way. When working on any subject, they should be able to realize 
what they can think, what methods they can follow, and whether they will be 
forced. In this context, an inadequate student will not be able to mathematically 
change the different answers given by students, but will only describe the answers 
from students as right and wrong (Aslan Tutak and Köklü, 2016).

Knowledge of Analyzing Student’s Thought in Terms of Conceptual 
Comprehension: Many educators (Cochran, de Ruiter and King, 1993; Fernandez 
Balboa and Stiehl, 1995; Grosman, 1990; Koballa, Graber, Coleman and Kemp, 
1999; Magnusson, Krajcik and Borko, 1999; Marks, 1990; Shulman, 1987; Veal 
and MaKinster, 1999) were treated as a component of PAB in the model 
developed. Friedrichsen and others (2007) analyze the student; he described the 
concept that a teacher brought to the teaching environment as knowing what the 
misconceptions and difficulty they were. Teachers should be able to determine 
the conceptual understanding or student misunderstandings that exist in student 
studies, understand the places that the student understands incomplete, and often 
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remove it from the student’s testimony (Even and Tirosh, 1995).  The teacher’s 
knowledge of student concept misconceptions and is the basis of his knowledge 
of the students.  Ball, Thames and Phelps (2008) said that a knowledgeable 
teacher on the mathematical thinking of students could explain why the concept 
misconception stumbles as well as finding the student’s concept misconception. It 
is important that teachers can identify concept misconceptions and errors they 
have in order to support them when understanding mathematical concepts 
and skills (Bamberger, Oberdorf and Schultz Ferrell, 2010, p.164).  Goldsmith, 
Doerr and Lewis (2014) examined 106 articles on the professional learning of 
math teachers and said that teachers who took their students’ thoughts into these 
studies were better.

KNOWLEDGE OF CREATING A LEARNING TRAJECTORY

According to Wilson and others (2015), students’ thoughts become more complex 
as subjects increase, and learning trajectories are of great importance to mapping 
student thinking. This mapping event contains assumptions about how student 
learning progressed.  Daro and others (2011) have a consensus that learning 
trajectories are one of the most effective ways to demonstrate student thinking, 
even though everyone’s learning trajectory is different. According to Ball, Thames 
and Phelps (2008), a teacher must adjust this strategy through a learning trajectory 
after analyzing the strategy the student uses to solve a math problem. Therefore, 
teachers should understand what developmental progress is like for a specific 
concept of mathematics and where to place students in this continucy.  In this 
way, teachers’ ability to use the learning trajectory is evaluated.  Wilson (2009) 
found that teachers with good knowledge of creating a learning trajectory had 
better skills to identify students’ abilities, understand students’ mathematical 
thinking, and evaluate students.  Wickstrom and others (2012) also said that 
teachers who can use the learning trajectory are better at identifying, planning 
and interpreting student actions.  In the Edgington (2012) study, he stated that 
teachers with good knowledge of learning trajectory have taken more successful 
steps to recommend individual strategy to students and to determine learning and 
teaching activities so that students can achieve the goal. Again, there is important 
evidence that creating a learning trajectory increases the student’s success and 
teacher knowledge (Barton, McCully and Marks, 2004). Stein, Engle, Smith and 
Hughes (2008) are good at ranking students on the learning trajectory, seeing 
teachers’ student ideas as a whole, transferring important and valuable ideas as a 
whole to the classroom, and providing class dysplinin. Because teachers can direct 
class discussions according to these ideas.
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KNOWLEDGE OF DECIDING ON TEACHING

The problem is that teachers should be able to offer a student-appropriate teaching 
model to eliminate concept misconceptions of students and get the student 
closer to the goal (Ball, Thames and Phelps, 2008). However, this is not an easy 
process.  While most teachers are incapable of proposing individual strategy to 
students, some teachers find it difficult to explain their student responses because 
they find it complex (Wilson, 2009). Making mistakes according to Önal (2008) 
is part of learning.  It would be appropriate for the spirit of configuration to 
see errors as an opportunity to get to the truth.  Errors are an opportunity for 
learning, and these opportunities become permanent when not evaluated by the 
teacher. Teachers, on the other hand, should be able to reorganize their teaching 
activities so that students do not make mistakes again (Ball, Thames and Phelps, 
2008). Teachers should know where students will have difficulties based on their 
experience and take these points into account when planning their teaching 
activities (Wilson, 2009).
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